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LECTURE NOTES (to be read in a conversational manner)

Today, Iʼd like to introduce you to an analytical system that Iʼve designed for microtonal 
music called “Fractional Set Theory.” 

<hit slide 2>

In this system, microtones are 
represented as pitch classes 
in a decimal format. In 
traditional set theory, the pitch 
“C” is referred to as “pitch 
class 0,” and “C-sharp” is 
called “pitch class 1.” “D-flat is 
also considered “pitch class 
1.” So, if “E” is pitch class “4” 
and “E-flat” is pitch class “3,” 
in fractional set theory, “E-
quarter-flat” would be pitch 
class “3.5.”

In this example from Ivesʼs 4th symphony, the second violins (the top voice) move from 
F (pitch class 5) to pitch class 3.5 and resolve down to pitch class “3.” 

1 This paper was also presented at CMS Southern Chapter Conference, Tampa, FL. February 2012.
Earlier versions of the paper were given at:
" CMS Pacific Southwest Chapter Conference, Malibu, CA. February 2011.
" CMS National Conference, Minneapolis, MN. Poster. September 2010.
" CMS Northeast Regional Conference, Boston, MA. Poster. March 2009.
" Queenʼs University, Kingston, ON. Invited lecture. March 2009.
A different version of the paper--one that focused on microtonality in world music--was given at the 
Second International Conference on Analytical Approaches to World Music. Vancouver, BC, 2012



Intervals are also represented numerically in traditional set theory. An “augmented 
second” and a “minor third” are both considered “interval class 3”--meaning three half 
steps.

<hit slide 3>

Interval classes in fractional 
set theory are useful to the 
performer learning unfamiliar 
intervals, to the composer 
discovering new 
relationships between tones, 
to the theorist discovering 
the source of such 
relationships, and to the 
ethnomusicologist explaining 
non-Western scales.

<hit slide 4>

Christopher Fox, in his 
article in Contemporary 
music Review, provides a 
pitch chart for his 
microtonal composition 
skin for string trio. He 
provides intervals such 
as “1/2 tone” (i.e. 
semitone or half-step), a 
1/3 tone and 2/3 tone. 
Because fractional set 
theory is mod-12, a 
whole tone has an 
interval class of 2, 
therefore a “1/2 tone” is 
interval class  1, a third-

tone is interval class 2/3 (or 0.667), a “2/3” tone is interval class 1 1/3 (1.333), which 
would be a sixth-tone larger than a half-step. This is one example of how fractional set 
theory could aid the performer in learning the intervals in this piece.

<hit slide 5>



Fractional Set Theory may  
illuminate certain aspects 
of music that may go 
unnoticed. One example 
is Harry Partchʼs 43-tone 
scale. This scale begins 
on “G” (pitch class 7). The 
second scale step is 21.5 
cents higher than G (pitch 
class 7.215). The interval 
between the first two 
scale steps is “interval 
class 0.215.” The interval 
class between scale 
degrees 2 and 3 is 
(0.317), and the interval 
class between scale 
degrees 3 and 4 is 

(0.313). If we examine the interval classes near the end of the scale, we will notice 
something quite interesting. The interval class from scale degree 41 to ^42 is (0.313), 
from ^42 to ^43 is (0.317) and from ^43 to the octave (PC 7) is interval class 0.215. If 
we continued to calculate the interval classes for the remaining scale degrees, we 
would discover that they are palindromic(!).

<hit slide 6>

Musicians are accustomed 
to the mod-12 system of 
traditional set theory, so 
fractional set theory 
standardizes other systems 
by converting them into 
mod-12.

In his Perspectives of New 
Music article, Jason Eckardt 
uses mod-24 set theory to 
discuss his quartertonal 
piece Polarities. To get the 
pitch class in standard 
mod-12, simply divide the 
mod-24 pitch class numbers 

by 2. Example 7C in his article shows a pitch class set of [0, 1, 2, 7, 8, 12]. Say, for the 
sake of argument, his pitch class set read: [01278]. One would assume the pitch class 
set was C-C#-D-G-G#. The pitch class set is actually (C-Cquartersharp,C#, Equarterflat, 
E, F#). In fractional set theory mod-12 terms, it would read: [0, 0.5, 1, 3.5, 4, 6].



Joel Mandelbaumʼs 1961 dissertation contains his Nine Preludes for Two Pianos in 19-
Tone Equal Temperament. Divide one octave (equivalent to 1200 cents) into 19 equal 
parts, and you get 63 cents per scale step. To get the pitch class number, divide cents 
by 100 and then add the pitch class number of the base pitch. Mandelbaumʼs scale is 
based on “C” (Pitch class 0) so the pitch class set for the scale is [0, 0.63, 1.26, 1.89, 
etc.....] Hubert Howe uses mod-19 set theory in his online article “19-Tone Theory and 
Applications.”

Gerald Balzano applies set theory a 20-tone-equal-tempered scale, which is 60 cents 
between each adjacent pitch. He names [0, 5, 9] a “major triad” and [0, 4, 9] a “minor 
triad” that differs by a lowered third. To convert mod-20 into FST, simply multiply his 
pitch class numbers by .6. Balzanoʼs “major triad” in fractional set theory terms is [0, 3, 
5.4] and his “minor triad” is [0, 2.4, 5.4].

Organizing several pitch classes into groups, or pitch class sets, can be very useful to 
the performer, theorist or composer. Just as one might group C, E and G and call it a 
major triad, or consider C, Db and Gb as pitch class set [016], one can group microtonal 
pitches into pitch class sets. 

Here is a pitch class set consisting of pitches that create a scale in 7-tone-equal-
temperament. 

<hit slide 7>

This scale starts on C 
(pitch class 0). 1200 
cents divided by 7 is 
approximately 171 
cents, so each scale 
step is interval class 
1.71 (29 cents lower 
than a major second). 
The pitch class set of 
this scale is [0, 1.71, 
3.43, 5.14, 6.86, 8.57, 
10.29]. 

If we make a pitch 
class set from the 1st, 
3rd and 5th scale 
degrees, we get the 

trichord [0, 3.43, 6.86]. It contains two unique interval classes: IC 3.43 (which would be 
from PC 0 up to PC 3.43 or from PC 3.43 up to 6.86) and 5.14 (which would be PC 6.86 
up to PC 0). Just as in traditional set theory when a minor 6th is not considered IC 8, but 



an inversion of a major third (i.e. IC 4), we do not label PC 0 up to PC 6.86 as IC 6.86, 
but as IC 5.14 and we do not label PC 3.43 up to PC 0 as IC 8.57 but as IC 3.43.

Letʼs hear those interval classes from that trichord: " " <hit slide 8>

Because we consider intervals 
larger than a tritone to be 
inversions of a smaller interval, 
the 7-tone-equal-tempered 
scale contains only three 
unique intervals:
IC 1.71 (a second), IC 3.43 (a 
third) and IC 5.14 (a fourth).

Sometimes it is beneficial to 
calculate the cardinality of 
interval classes in a pitch class 
set (e.g., noticing that the 
whole-tone scale contains no 
minor seconds, minor thirds, or 
perfect fourths). We call this 
an “interval class vector.”

The 12-tone-equal-tempered scale contains six unique intervals (minor second, major 
second, minor third, major third, perfect fourth, and the tritone), so the ICV in 12-tone-
equal-temperament, therefore, has six columns. Consider the pitch class set <0146>, 
which contains one and only one of each interval class: a half step (C-C#), a whole step 
(E to F#), a minor third (C#-E), a major third (C-E), a perfect fourth (C#-F#) and the 
tritone (C-F#). Therefore, its ICV would read <111111>.

Because the 7-tone-equal-
tempered scale has only three 
unique interval classes, itʼs ICV 
has only three columns. Our 
trichord [0, 3.43, 6.86] has an ICV 
of <021> because it contains no 
seconds, two thirds, and one 
fourth. 

<hit slide 9>

Sometimes ICV in FST are too 
complex to be useful. A 
quartertonal piece would contain 
12 columns, a third-tone piece 9 
columns, and other equal 



tempered scales would have their corresponding number of columns. Non-equal-
tempered scales (for example overtone-derived scales, different tuning systems, and 
scales built from random frequency relationships) may generate interval class vectors 
with thousands of unequal columns, and therefore probably useless.

Letʼs listen to a few interval classes commonly found in just intonation:      <hit slide 10>

In my guitar piece Lullaby for Sam, 
the performer plays a C# as a 
natural harmonic off the “A” string, 
which sounds 14 cents lower than 
the C# in 12-tone equal 
temperament. When the A (Pitch 
class 9) is heard after the lowered 
C# (PC 0.86), the listener hears a 
“pure major third,” IC 3.86.

The “pure fourth” is the interval 
from the third harmonic up to the 
fourth harmonic (IC 4.98). The 
inversion of the pure fourth is the 
pure fifth, for example PC 0 up to 
PC 7.02. The difference between 

IC 4.98 and IC 5 is nearly imperceptible, but many stacked pure fifths will eventually 
cause a noticeable difference from 12-tone-equal temperament. 

The “septimal minor third,” or the distance from the sixth to the seventh harmonic is IC 
2.67, or a sixth-tone smaller than a minor third. For example PC 7.02 and PC 9.69 
would be the sixth and seventh harmonics of a C (PC 0) fundamental. David Canright, 
in his article “a tour up the harmonic series,” calls this interval the “bluesy minor third.”

<hit slide 11>

The “septimal major second” is the 
interval from the seventh to the 
eighth harmonic, IC 2.31 (a sixth-
tone larger than a major second). 
In the spectral sections of my first 
piano quartet Kaena Point, the 
cellist is asked to play the pitch a 
sixth-tone lower than A-flat (PC 
7.67) then B-flat (PC 10).

By applying fractional pitch classes 
to a passage from Griseyʼs 
Prologue for viola, I discovered a 



sequence of a pitch class set by eighth-tones.
" " " " " " " <hit slide 12>

His notation includes quartertones 
and a smaller deviation notated 
with an arrow. The first trichord [4, 
9.5, 11] is sequenced down to a 
trichord where PC 4 and 11 now 
have downward arrows and PC 
9.5 is now PC 9 with an upward 
arrow. It is sequenced down again 
and the PC set is now [3.5, 9, 
10.5]. It becomes apparent that 
the arrow notation in this passage 
represents eighth-tones (IC 0.25). 
The PC set is sequenced down 
another IC 0.25 to become PC set 
[3.25, 8.75, 10.25] and finally [3, 
8.5, 10].

The opening phrase of Prologue (not pictured here) includes pitch classes 1.75, 4, 8 
and 11. In this work, the pitch material is derived from a fundamental of PC 4, PC 11 is 
the third harmonic, PC 8 is the 5th harmonic, and PC 1.75 is the seventh harmonic of 
the overtone series. 

Kyle Gann uses a 29-note scale derived from just intonation whole number ratios 1 to 
13, with PC 2 as fundamental. For example, the ratio 13:12 generates a pitch 138.6 
cents higher than tonic. To get the PC of this scale degree, divide cents by 100 (which is 
1.386) and then add to the PC number of tonic (which in this piece is 2): PC 3.386 (38.6 
cents higher than E-flat). I have listed the pitch class set on the following slide, letʼs 
have a listen: 

<hit slide 13>

<hit slide 14>

My second cello sonata (What The 
Waves Tell Me) is entirely in just 
intonation. The strings are tuned to 
the overtone series of PC 11.31 
(which is B+31 cents). The lowest 
string is tuned to the 2nd harmonic 
(B+31 cents), the third string is 
tuned to the third harmonic (F#
+33cents), the second string to the 
5th harmonic (D#+17cents), and 



the top string to the 7th harmonic 
(which is the same A as standard 
tuning). Only the first 7 harmonics are 
played on any given string, so the 
highest partial heard is the 49th (which 
is the 7th harmonic of the 7th 
harmonic).

Here is a pitch chart which is given in 
the performance notes of the score:

<hit slide 15>

Enharmonic spelling in 12-tone-equal-
temperament is not a problem because 
we deal with them everyday. Let me 
ask you, “what is the enharmonic 
spelling of C sharp?”
D-flat, right. 
How about, “what is the enharmonic 
spelling of C quarter-sharp?”
Itʼs not D-quarter-flat, but D-three-
quarters-flat. It takes us longer to 
enharmonically respell a microtonal 
pitch class. 

<hit slide 16>

One can use “binomial 
representation” for naming 
pitch classes. Pitch class 0.5 
can be called either “C-quarter-
sharp” or “D-three-quarters-flat” 
The former is represented as 
PC <0.5, 2>. The pitch class 
is on the left, and the pitch 
name class is on the right. The 
name class is mod-7 (A=0, 
B=1, C=2, D=3, etc.). PC <0.5, 
2> (C 1/4 sharp) can be 
enharmonically respelled as 
PC <0.5, 3> (D 3/4 flat).



< hit slide 17> 

Naming interval classes poses 
the same problem. For 
example, a “neutral 
second” (which is the 
quartertone between a minor 
second and a major second) 
would be represented as IC 
<1.5, 1>. An example of a 
neutral second would be from F 
to G-quarter-flat. The interval 
class  is on the left, and the 
interval name class is on the 
right. (Unison=1, a second=2, a 
third=3, and so on). This 

interval can be enharmonically respelled as an augmented unison raised by a 
quartertone: IC <1.5, 1> An example of this interval would be from F to F-three-quarters-
sharp.

IC 4.5 can be called a “minor fourth” IC<4.5, 4> or a major third raised by a quarter-
tone.

<hit slide 18>

The last example is an Arab scale from 
the 8th or 9th century. This scale in 
constructed from the overtone ratios listed 
above each pitch. The pitch classes are 
listed below each pitch. If you notice, all 
pitches are within 5 cents of a semitone 
or a quartertone. The pitch classes here 
are rounded off to the nearest 
quartertone, as they are in the musical 
notation. I have listed the interval classes 
of adjacent scale steps. We will notice 
that the scale uses only major seconds 

and neutral seconds. To discover intervallic relationships among all scale members, I 
created an interval class vector. This scale is quartertonal, so the ICV has 12 columns. 

Notice that this scale has no quartertones, no semitones, but it has four neutral 
seconds. This scale contains three major seconds, but no interval class 2.5. There 
exists two minor thirds, three neutral thirds, and one major third. There are no minor 
fourths, but there are five perfect fourths. There are two major fourths, and no tritones. It 
is notable that this scale contains no quartertone steps, no half steps and no tritones. It 
is also notable that the interval class with the highest cardinality is the perfect fourth.



Here they are: C to F, D- G, E-quarter-flat to A quarter-flat, F to B-flat, and G up to C. 
Notice the first tetrachord (C-D-Equarterflat-F) when transposed up IC 5, completes the 
scale: F-G-Aquarterflat-Bb.

<hit slide 19>

My goals are for FST to become 
the standard system for 
microtonal analysis. I want FST 
to aid performers when learning 
microtonal music, so there are 
more performances of microtonal 
music. I would like FST to aid 
composers in the compositional 
process, so that there is a 
greater output of microtonal 
music. And finally, I hope that 
FST will give 
ethnomusicologists--when 
describing non-Western scales--

an exactitude that will allow other scholars to better understand the tuning, and for 
performers to recreate such scals with correct intonation.

<hit slide 20>

Thank you for listening, if you have any questions, please ask now. Feel free to visit my 
website and email me.

Nolan Stolz
Assistant Professor of Music
University of South Dakota
www.nolanstolz.com
nolan@nolanstolz.com


